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We construct two non-isometric closed subsets of the real line which are almost isometric,
and show that any similar example in an Euclidean space is essentially one-dimensional.
We then deﬁne perturbation-equivalence of almost isometric embeddings, and ﬁnd a rigid
closed subset of the line with an almost isometry onto itself which is not a perturbation
of the identity. Finally we show that any almost isometry from an Euclidean space to itself
is a perturbation of a sequence of isometries.
© 2010 Elsevier B.V. All rights reserved.
0. Introduction
Studying metric spaces up to almost isometries has some relation to the process of completion; for example, almost iso-
metric spaces have almost isometric completions, and if two bounded subsets of some Euclidean space are almost isometric
then their completions are actually isometric. Therefore the study of almost isometries in classes of complete metric spaces
is interesting, as it highlights those features of the concept of almost isometry which are unrelated to completions. In this
paper we discuss the class of complete ﬂat spaces (that is spaces which embed isometrically in some Euclidean space Rd),
and try to understand almost isometries between spaces in this class.
Two metric spaces are called almost isometric if they are λ-bi-Lipschitz equivalent for every λ > 1. We will say that a
class C of metric spaces is free of almost isometries (or AI-free) if any two spaces in C which are almost isometric are actually
isometric. It is not hard to see that the class of compact metric spaces is AI-free. However the class of subsets of the line R
is not AI-free – any two countable dense subsets X and Y of (0,1) are almost isometric. The same result follows for the
class of closed subsets of an inﬁnite-dimensional Hilbert space H – let the set X from above enumerate the lengths of
pairwise orthogonal segments from the origin of H , let X˜ be the union of these segments, and deﬁne Y˜ similarly from Y .
Then X˜ and Y˜ are almost isometric. Note that the spaces in this latter class are complete.
The following question by Menachem Kojman is therefore natural – is the class of complete ﬂat spaces AI-free? In other
words, are there non-isometric closed subsets of Rd which are almost isometric? In Section 1 we construct such sets in R,
and later show (in Section 3) that any such example in Rd will be ‘essentially one-dimensional’ (for the precise statement
see Remark 3.6). We then wish to ask the following analogous question: is there a rigid complete ﬂat space which has a
non-trivial almost isometry onto itself? In order to make this question interesting we reﬁne (in Section 2) the deﬁnition
of almost isometric embeddings using ultra-ﬁlters, then we deﬁne the concept of perturbation-equivalence between almost
isometric embeddings, and ﬁnally we take ‘non-trivial’ above to mean ‘not perturbation-equivalent to any isometry’. We
then ﬁnd a rigid closed subset A of R which is not almost-rigid: there is an almost isometry from A onto itself which is not
a perturbation of the identity. Finally we show in Section 3 that the Euclidean space Rd itself is almost-rigid.
I wish to thank Menachem Kojman for asking me the question that led to this work, and for many fruitful discussions.
I also wish to thank the Mathematics Department of Ben-Gurion University of the Negev for their hospitality during the
writing of this paper.
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We now give the deﬁnition of an almost isometric embedding and almost isometry from [1] (note that we reﬁne these
concepts in Deﬁnition 2.1), and repeat the deﬁnition of AI-freeness. Recall that a map f : X → Y between two metric spaces
is called λ-bi-Lipschitz if for every x1, x2 ∈ X we have (1/λ)dX (x1, x2) dY ( f (x1), f (x2)) λdX (x1, x2).
Deﬁnition 1.1.
(i) Let X and Y be two metric spaces. An almost isometric embedding (or AIE) from X to Y is a sequence ( fn)n0 such that
fn : X → Y is λn-bi-Lipschitz and λn n−→ 1.
(ii) An almost isometry is an AIE such that all the maps fn are onto. Two metric spaces X and Y are said to be almost
isometric if there is some almost isometry between them.
Deﬁnition 1.2. A class C of metric spaces is free of almost isometries (or AI-free) if any two spaces from C which are almost
isometric are actually isometric.
We deﬁne the class of metric spaces that will interest us.
Deﬁnition 1.3. We say that a metric space X is ﬂat if there is an isometry from X into some Euclidean space Rd .
We now show that the class of complete ﬂat spaces is not AI-free. We actually construct a counter-example in R, thus
we prove the following:
Proposition 1.4. The class of closed subsets of R is not AI-free.
Proof. Recall that the restriction of the p-adic absolute value to Z is given by
∀k ∈ Z: ‖k‖p = inf
{
p−n: n, kp−n ∈ Z}.
The function ‖ • ‖p is ‘almost periodic’ on Z: for every n 0 we have the ‘almost period’ pn:
∀k ∈ Z: ∣∣∥∥k + pn∥∥p − ‖k‖p
∣∣ p−n.
Fix some odd prime p. Let B = {2k+ ‖2k‖pp : k ∈ Z} and C = {2k+1+ ‖2k+1‖pp : k ∈ Z}. These two spaces are not isometric,
since the distance 2+ 1p is present in B but not in C . However if we deﬁne fn(2k + ‖2k‖pp ) = 2k + pn + ‖2k+p
n‖p
p (for n ∈ N,
k ∈ Z) then it is easy to verify that f = ( fn)n gives an almost isometry of B onto C . 
Remark 1.5.
(i) It is possible to modify the above example, and get two almost isometric complete ﬂat spaces which are also connected,
this time as closed subsets of R2.
(ii) We show below (see Remark 3.6) that any example of two almost isometric ﬂat complete spaces is essentially one-
dimensional.
2. Perturbation-equivalence
The space A = B ∪ C = {k+ ‖k‖pp : k ∈ Z} should ‘morally’ be an example of a rigid (i.e. having Isom(A) = {IdA}) complete






= k + pn + ‖k + p
n‖p
p
(n ∈ N, k ∈ Z).
For now we have used ‘non-trivial’ in the following restricted sense: an almost isometry ( fn)n from a metric space X
onto itself is certainly trivial if there is some F ∈ Isom(X) such that fn = F for large n. This notion cannot be satisfactory
for at least two reasons:
(i) If X is not rigid, and F ∈ Isom(X) \ {IdX }, then we can get a non-trivial almost isometry by letting fn = F for odd n
and fn = IdX for even n. We would like such an almost isometry to be considered trivial as well. We will deal with this
issue below by working along a non-principal ultra-ﬁlter on N. Note however that this will solve the issue completely
only if the group Isom(X) is ﬁnite.
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perturb it slightly to get a λ-bi-Lipschitz function from X onto itself for any desired λ > 1. For example for X = [0,1]
the following gives a non-trivial almost isometry: fn(x) = nx+x2n+1 .
We thus give the following deﬁnitions – ﬁrst we ﬁx a non-principal ultra-ﬁlter U on N. We will use the following
notations for U : for any predicate P on natural numbers we will let ∀Un: P (n) denote the claim that the set {n ∈ N: P (n)}
is in U (so ∀U is a version of “for almost all”). In addition, if Y is a topological space, G : N → Y is any sequence, and
p ∈ Y is some point, then we will use limn→U G(n) = p to denote the claim that every neighborhood V ⊆ Y of p satisﬁes
∀Un: G(n) ∈ V . Finally, when considering the ultra-power ΠUF for some set F , we will sometimes abuse notation by
interchanging f = ( fn)n (where fn ∈ F ) with its image f /U in ΠUF .
Let X and Y be two metric spaces, and let F : X → Y be any function. Let








dY ( f (x1), f (x2))
)
: x1, x2 ∈ X, x1 = x2
}
∈ [1,∞].
Above we take c0 to be ∞ for any c > 0, and let ∞ be the maximal element of [1,∞]. Note that BiLip( f ) = min{λ ∈
R
+: f is λ-bi-Lipschitz} (where we take min(∅) = ∞). In particular f is an isometry if and only if BiLip( f ) = 1.
We now reﬁne Deﬁnition 1.1. Let Fun(X, Y ) denote the set of functions from X to Y .
Deﬁnition 2.1.
(i) An almost isometric embedding relative to U (or U -AIE) from X to Y is an element ( fn)n ∈ ΠU Fun(X, Y ) satisfying
limn→U BiLip( fn) = 1.
(ii) An almost isometry relative to U (or U -AI) is a U -AIE ( fn)n satisfying ∀Un: fn is onto.
Remark 2.2.
(i) Note that we do not get a new concept of AI-freeness, since from the existence of a U -AIE it is easy to get an AIE
between the same two spaces (the converse is trivial), and similarly for almost isometries. Note also that we still have a
well-deﬁned composition rule for U -AIEs (given by (g ◦ f )n = gn ◦ fn), hence for any metric space X we have the group
AIU (X) of almost isometries relative to U from X onto itself. We might omit U from all the above notations.
(ii) We will identify every isometric embedding F : X → Y with the U -AIE f = ( fn)n from X to Y given by ∀n: fn = F .
We now wish to deﬁne when one U -AIE from X to Y is a perturbation of another.
Deﬁnition 2.3. Let f = ( fn)n and g = (gn)n be two U -AIEs from X to Y . We say that f and g are perturbation-equivalent, and
denote this by f ∼ g , if there is an open covering X =⋃i∈I V i such that for any i ∈ I we have the following U -convergence







Clearly the relation ∼ is well deﬁned. It is also clear that ∼ is an equivalence relation, since any two open coverings have
a common reﬁnement. We claim that ∼ is preserved by compositions from the left – indeed, if f ∼ g , then h ◦ f ∼ h ◦ g
is witnessed by the same open covering. If we let Pert(IdX ) denote the set of AIs from X to itself which are perturbation-
equivalent to IdX , then it follows that Pert(IdX ) is a subgroup of AI(X).
However we note that the subgroup Pert(IdX ) is not normal (equivalently ∼ is not preserved by compositions from the
right). For example, if we take X = R, let f = ( fn)n ∈ Pert(IdR) be given by fn(x) = x + xn , and let g = (gn)n be given by
gn(x) = x+ n, then h = g−1 ◦ f ◦ g is given by hn(x) = x+ xn + 1, hence h /∈ Pert(IdR).
Deﬁnition 2.4. Let X be some metric space.
(i) Let AItriv(X) denote the subgroup of AI(X) generated by Pert(IdX ) and ΠU Isom(X).
(ii) We say that X is almost-rigid if AItriv(X) = AI(X).
We now show that almost-rigidity does not follow from rigidity, even in the class of complete ﬂat spaces.
Proposition 2.5. The space A = {k + ‖k‖pp : k ∈ Z} is a rigid complete ﬂat space which is not almost-rigid.
Proof. Since there is a unique pair of elements of A with distance 1 + 1p , and similarly for the distance 1 − 1p , it is clear
that any F ∈ Isom(A) ﬁxes the points −1+ 1 , 0 and 1+ 1 . It is easy to conclude that A is rigid.p p
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isometry given by fn(k + ‖k‖pp ) = k + pn + ‖k+p
n‖p
p , hence A is not almost-rigid. 
The converse implication is also false – we show below (Proposition 3.7) that Rd is almost-rigid.
3. AIEs into boundedly compact spaces
We wish to discuss AIEs into spaces satisfying a strong version of local compactness that we call bounded compactness.
This property, which we now deﬁne, is enjoyed by complete ﬂat spaces.
Deﬁnition 3.1. A metric space X is called boundedly compact if every bounded set is contained in some compact set.
Remark 3.2. Note that bounded compactness is equivalent to the property that all closed balls are compact (property (1)
of Theorem 6 from [1]). Note also that any boundedly compact space is both locally compact and σ -compact, and is also
complete.
We ﬁrst deal with AIEs into boundedly compact spaces with an added assumption: we call an AIE between two metric
spaces X and Y bounded if for some (equivalently for any) pair (x, y) ∈ X × Y we have limn→U d( fn(x), y) < ∞.
Proposition 3.3. Assume f = ( fn)n is a bounded AIE from a complete metric space X to a boundedly compact space Y . Then there is
some isometry F from X to Y such that f ∼ F .
Proof. For any ﬁxed x ∈ X the set { fn(x): n ∈ N} can be assumed to be bounded, hence by bounded compactness (and
by the fact that any map from N into a compact space has a limit along an ultra-ﬁlter) there is some y ∈ Y such that
fn(x)
n→U−−−−→ y, and we denote this y by F (x). Clearly F is an isometric embedding of X into Y .
Now we wish to show that f ∼ F . We will show that for any bounded set V ⊆ X one has limn→U supx∈V d( fn(x), F (x)) =
0, and f ∼ F follows (since clearly X can be covered by bounded open sets). Assume for contradiction that for some  > 0
we have





Note that, since X was assumed to be complete, it is bi-Lipschitz equivalent to a closed subset of Y (by any of the
maps fn), and since such a set is boundedly compact so is X . Hence the bounded set V is contained in some compact
K ⊆ X , and we get some x ∈ K such that xn n→U−−−−→ x. Since ( fn)n is a U -AIE we also get d( fn(xn), fn(x)) n→U−−−−→ 0, and since
fn(x)
n→U−−−−→ F (x) we get fn(xn) n→U−−−−→ F (x). But F (xn) n→U−−−−→ F (x) as well, contradicting ∀Un: d( fn(xn), F (xn))  > 0. 
Corollary 3.4. Let f = ( fn)n be any AIE from a complete metric space X to a boundedly compact metrically homogeneous space Y .
Then there is an isometric embedding G of X into Y and isometries tn ∈ Isom(Y ) such that f ∼ (tn ◦ G)n.
Proof. Fix some x ∈ X and y ∈ Y , let yn = fn(x) for n ∈ N, and ﬁx some tn ∈ Isom(Y ) such that tn(y) = yn (such an
isometry exists by homogeneity). Let gn = tn−1 ◦ fn , and apply Proposition 3.3 to the bounded AIE g = (gn)n . We get an
isometric embedding G : X → Y such that g ∼ G . Since ∼ is preserved by compositions from the left it follows that we have
f ∼ (tn ◦ G)n , as required.
Remark 3.5. Note that if we weaken the homogeneity assumption to property (2) of Theorem 6 from [1], then we get a
similar result, only this time we only get t = (tn)n ∈ AI(Y ) (and not t ∈ ΠU Isom(Y )). Note also that, by the mentioned
Theorem 6, a boundedly compact metrically homogeneous space Y is almost isometry unique.
Remark 3.6. For AIEs into Rd we get slightly more: ﬁrst, since the group of translations acts transitively on Rd we may
assume that each tn is a translation. Second, let yn = tn(0¯), and let vn = yn/‖yn‖2 be the direction of the translation tn .
Since the space Sd of possible directions is compact, there is some v ∈ Sd such that limn→U vn = v , so what we get is some
isometry G followed by translations in an approximately constant direction v .
Therefore, whenever we have an almost isometry f between two closed subsets B and C of Rd , there is some isometric
embedding G of B in Rd and translations tn in directions vn ∈ Sd such that, as AIEs from B to Rd , we have f ∼ (tn ◦ G)n
(and vn
n→U−−−−→ v ∈ Sd). Hence any example similar to the construction in the proof of Proposition 1.4, showing that the
class of complete ﬂat spaces is not AI-free, is essentially one-dimensional.
We end by showing that, contrary to the space A of Proposition 2.5, Euclidean space itself is almost-rigid.
Proposition 3.7. The space Rd is almost-rigid.
1606 Y. Yaffe / Topology and its Applications 157 (2010) 1602–1606Proof. We show that actually any almost isometric embedding from Rd to itself is perturbation-equivalent to an element
of ΠU Isom(Rd), and since ∼ is preserved by compositions from the left AItriv(Rd) = AI(Rd) follows, as required. Let f be
any AIE from Rd to itself. Since Rd is metrically homogeneous and boundedly compact we can apply Corollary 3.4 and get
some isometry G from Rd to itself and isometries tn ∈ Isom(Rd) such that f ∼ (tn ◦ G)n . Since G is necessarily onto Rd we
have (tn ◦ G)n ∈ ΠU Isom(Rd), as required. 
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